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In this work we address the issue of the thermodynamic behavior of a non-singular
spherically-symmetric black hole model introduced by Mbonye and Kanzanas (2005).
This spacetime is described by Schwarschild’s solution at large radius and by a de Sitter-
like solution at small radius. The interior of the black hole consists of matter fields with
sound speed bounded by the speed of light. The matter transits smoothly between normal
matter and a core of an exotic fluid with an equation of state that approaches p = −ρ
when r → 0. We derive the general equations of the thermodynamic quantities for an
arbitrary matter density profile, and adjust the results to the specific regular black hole.
We also calculate the Weyl and Kretschmann scalars and analyse the behaviour of the
gravitational field in connection with the thermodynamics of the matter fields. Finally,
we study whether the regular behaviour at the center affects the thermodynamics of the
black hole, and we discuss a possible physical interpretation of the state of regular black
hole interiors.
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1. Introduction
A special type of regular black hole is characterized by the presence of matter at the
center of a static configuration with an equation of state of the form p = −ρ. The
repulsive behaviour of the matter prevents complete gravitational collapse. Hence,
the description of the spacetime geometry is singularity-free.
The occurrence of spacetime singularities, implied by the singularity theo-
rems,1–3 is usually understood as a breakdown in the descriptive power of General
Relativity. It is usually thought that only by means of a quantum theory of gravity
singularities could be removed. Singularity theorems posit certain energy conditions
for the collapsing matter. These assumptions, however, might not longer hold for
matter under extreme conditions, whose properties are totally unknown.
Sakharov gave the first insights of a nonsingular collapse considering the equation
of state p = −ρ for a superdense fluid,4 and Bardeen suggested that such a fluid
could be the final state of gravitational collapse.5 An exact solution of the Einstein
field equations describing a nonsingular black hole containing at the core a de Sitter
fluid was found by Dymnikova.6 The main problem, however, with many models of
regular black holes is that they do not provide an transition between the different
types of matter in the black hole interior appropriate
Mbonye and Kazanas7 made a recent attempt to construct a model using an ex-
plicit equation of state that smoothly matches a de Sitter interior to a Schwarzschild
spacetime geometry. The main goal of the present work is to study the thermody-
namic properties of the complete internal black hole structure of such a spacetime.
2. A Model of Regular Black Hole
A static spherically symmetric geometry can be described by the line element:
ds2 = −B(r)dt2 + A(r)dr2 + r2(dθ2 + sin2 θdφ2). (1)
In order to obtain the line element that describes a regular black hole, it is
necessary to calculate the expressions for B(r) and A(r). We adopt the equation of
state suggested by Mbonye and Kazanas:7
pr =
[









with α = 2.2135. The value of α was chosen in order to have finite sound speed,
bounded by the speed of light. The physical state changes smoothly between normal
matter and a core of an “exotic fluid” with an equation of state that approaches
p = −ρ when r → 0. The plot of Eq. (2) is shown in Fig. 1.
The solution to the Einstein field equations, Gµν = 8πT
µ
ν , for spherical symmetry
and the equation of state (2) takes the form:8
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where the mass m(r) is given by m(r) = 4π
∫ r
0 ρ(r
′)r′2dr′. In this model the fluid
is anisotropic and the energy-momentum tensor is such that T 22 = T 33 = T 11 and
T 11 = T 00 = T 22 .
Equation (3) describes the geometry of the spacetime of a regular black hole with
matter and a de Sitter core. We can derive from the grr component of the metric
that this spacetime presents an event horizon at RS=2M , in units of c = G = 1; M
stands for the mass of the regular black hole.
By solving the complete system of Einstein field equations, it is obtained the
expression for the tangential pressure:












where pr is given by Eq. (2). The formula of the tangential pressure is a generaliza-
tion of the Tolman-Oppenheimer-Volkoff equation.
In order to study the thermodynamical properties of this spacetime we work
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and ρmax is of the order of the Planck density. Notice that all the mass is contained
inside a sphere of radius R within the black hole. Outside this radius there is empty
spacetime.
The plot of Eq. (2) as a function of the radial coordinate is shown in Fig. 2. It
can be seen that the pressure follows the equation p = −ρ at the core of the object,
and it goes to zero at r/R = 1, the surface of the matter region. The pressure is also
zero at r/R = 0.28; for r/R > 0.28 the pressure is positive and for r/R < 0.28 it
is negative. The exotic matter field extends from r/R = 0.4 inwards. The function
pr has one absolute maximum at r/R = 0.4 and two inflexion points at r/R = 0.26
and r/R = 0.5.
3. Thermodynamics of the Matter Fields
In this work we assume that the collapsed body has reached a static equilibrium
configuration.7 Matter is also assumed to be in thermodynamic equilibrium. In the
black hole interior the attractive force of the gravitational field is balanced by the
repulsion exerted by the exotic matter. Since we are considering a system in equi-
librium, the thermodynamic quantities can be calculated from the laws of standard
thermodynamics. In particular, the temperature of the matter as a function of the
radius can be computed from:












3/R3 − (α + 1)e−24r3/R3
]4/3
eΞ(r), (10)







1 + α(ρ/ρmax) − (α + 1)(ρ/ρmax)3 . (11)
In Fig. 3 we offer the plot of the temperature of the matter as a function of the
radius. We note that the temperature tends to absolute zero close to the core. As for
the pressure, there is only one maximum at the same radial coordinate, r/R = 0.4.
As expected, higher temperatures correspond to higher average kinetic energy of
the particles, and hence to higher pressure. The pressure of a fluid of mixed mass
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Fig. 3. Temperature as a function of radial coordinate inside the black hole. Tsup stands for the
temperature of the the matter field at r = R.
Eq. (10) we calculate the inflexion points of T (r); they occur at r/R = 0.31 and at
r/R = 0.57.
We obtain an expression for the entropy up to an additive constant substituting
(9) in (8):
S ≡ (ρ + p)
T
V. (12)
It is plotted in Fig. 4. The entropy goes to zero as r → 0 in accordance to
Nerst’s theorem. There is a clear maximum close to r/R = 0.4, in the region of
highest density of normal matter.










The plot of the entropy density as a function of r and ρ is shown in Figs. 5 and
6. It can be seen that the entropy density diverges at the origin as a consequence
of the vanishing volume. The entropy density as a function of the density has one
inflexion point at ρ/ρmax = 0.73 which is located at r/R = 0.34.











Fig. 4. Entropy of the matter field as a function of radial coordinate inside the black hole. Ssup
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Fig. 5. Entropy density of the matter inside the black hole as a function of the density. Ssup
stands for the entropy of the matter field at r = R.
In order to calculate the speed of sound as a function of the energy density, we






α − 2(α + 1)e−16r3/R3
]
. (14)
The result is shown in Fig. 7. From Figs. 2 and 7, we see that the sound speed is
zero for the same value of r/R at which the pressure is maximum. In addition, the
speed of sound takes complex values in the region r/R < 0.4 (i.e. sound waves do
not exist). This can be derived from the negative slope of the equation of state as a
function of the density [see Eq. (2) and Fig. 1]. The sound waves cannot propagate
in the region r/R < 0.4 because a variation in pressure causes an expansion rather
than a compression in the fluid. Because of the repulsive behaviour of the matter,
this region is opaque to sound waves. Furthermore, it seems that that the amplitude
of sound waves has an exponential modulation as they get close to r/R = 0.4.
































Fig. 6. Entropy density of the matter inside the black hole as a function of radial coordinate.
































































































October 15, 2011 17:34 WSPC/INSTRUCTION FILE 00149
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Fig. 7. Sound speed as a function of radial coordinate in the regular black hole interior.
We calculate the final expression of CV by introducing the expression of temperature




2[α − 2(α + 1)(ρ/ρmax)2]dρ




(1 + [α − (α + 1)(ρ/ρmax)2](ρ/ρmax)




1 + [α − (α + 1)e−16r3/R3 ]e−8r3/R3
0.4521(α− 2(α + 1)e−16r3/R3) , (20)
where CV sup denotes the specific heat at constant volume at r = R. The plot of the
specific heat at constant volume is shown in Fig. 8.











+ (ρ + p)
dV
dT






















Fig. 8. Specific heat at constant volume as a function of radial coordinate in the black hole
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Fig. 9. Specific heat at constant pressure as a function of radial coordinate in the black hole
interior. CP sup stands for the specific heat at constant pressure at r = R.
Since:












1 + [α − (α + 1)e−16r3/R3 ]e−8r3/R3
)
0.395(α− 2(α + 1)e−16r3/R3) , (25)
where CP sup stands for the specific heat at constant pressure at r = R. In Fig. 9
we show the plot of the specific heat at constant pressure.
We find that both the specific heat at constant volume and constant pressure are
not defined for r/R = 0.4, where there is the change from normal to exotic matter.
The specific heat CV is negative for r/R < 0.4 and it is positive for r/R > 0.4. This
behaviour can be understood in terms of Eq. (17), the regions where the temperature
increases and decreases, and the density profile given in Eq. (6). In Fig. 9 we can
see that CP = 0 at r/R = 0.57; this point coincides with one of the inflexion points
of the temperature. CP is positive for r/R < 0.4 and for r/R > 0.57. In the region
0.4 < r/R < 0.57, CP is negative. These results show that the specific heats are
not defined for the same value of r/R where the sound speed equals to zero. This
suggests a possible region of instability for the normal matter field: sound waves
should bounce at r/R = 0.4 and might accumulate energy in the region between
this boundary and the horizon.
4. Behaviour of the Gravitational Field
The Weyl tensor is a 4-rank tensor that contains the independent components of
the Riemann tensor not captured by the Ricci tensor. It can be considered as the
traceless part of the Riemann tensor. The Weyl tensor is given by:
Cαβγδ = Rαβγδ +
2
n − 2(gα[γRδ]β − gβ[γRδ]α) (26)
+
2
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where Rαβγδ is the Riemann tensor, Rαβ is the Ricci tensor, R is the Ricci scalar, [ ]
refers to the antisymmetric part, and n is the number of dimensions of spacetime.
The absence of structure in spacetime corresponds to the absence of Weyl confor-
mal curvature (W = CabcdCabcd = 0). Hence, the Weyl tensor contains the informa-
tion of the gravitational field even in absence of matter and other non-gravitational
fields.





8 + p6 x6 + p5 x5 + p4 x4 + p3 x3 + p2 x2
+ p1 x + p0)2/
[(





where x = e−8
r3
R3 and the coefficients pi are:
p0 = 3R6r − R9πρmax,
p1 = 2R9πρmax − 3R6r + 6r3R6πρmax − 24r4R3,
p2 = −6r3R6πρmax − R9πρmax + 576r7α − 192r6απR3ρmax − 2R6r3απρmax,
p3 = 2R6r3απρmax + 144r6απR3ρmax,
p4 = (−1152 − 1152α)r7 − 48πR3ρmax(−8α − 8 + α2)r6 +
+ 2πρmaxR6(α + 1)r3,
p5 = −336πρmaxR3(α + 1)r6 − 2πρmaxR6(α + 1)r3,
p6 = 96πρmaxαR3(α + 1)r6,
p8 = −48πR3ρmax(α + 1)2r6. (28)
If we let r → 0, the Weyl scalar goes to zero. Since the regular black hole
spacetime has a de Sitter geometry in the origin, this is the correct limit.
The plot of the Weyl scalar is shown in Fig. 10. We can see that for large values
of r the Weyl scalar tends asymptotically to zero. In the matter region (r/R < 1) it
has one absolute maximum at r/R = 0.5 and one relative maximum at r/R = 0.26.
Between these points, W = 0 at r/R = 0.34. If we analyse the equation of state
as a function of the density (2), the only inflexion point occurs at r/R = 0.5. The
absolute maximum of the Weyl scalar seems to be related to the transition point of
different types of matter of two regions.
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Fig. 11. Kretschmann scalar as a function of radial coordinate.
The value of r/R for which the Weyl scalar has one relative maximum is close
to the point where the pressure is zero. This suggests a relation between the region
where matter has a negative pressure and the behaviour of the Weyl scalar. Fur-
thermore, the inflexion point of the entropy density of the matter coincides with
the value of r/R for which the Weyl scalar is zero, that is at r/R = 0.34. At this
point the gravitational field transits from attractive to repulsive.
We also calculate the Kretschmann scalar. The plot is shown in Fig. 11. Again, we
can see that outside the matter region the Kretschmann scalar tends asymptotically





which is the expected value for the de Sitter spacetime. The Kretschmann scalar is
always positive and it has one absolute maximum at r/R = 0.269 and one relative
maximum at r/R = 0.47. Furthermore, the value of the coordinate r for which the
curvature of the spacetime is maximum corresponds to the region of p = 0.
The Weyl and Kretschmann scalar verify the following relation:
RαβγδRαβγδ ≥ CαβγδCαβγδ, (30)
which holds in every static spherically symmetric spacetimes.10
Penrose11 suggested that entropy might be assigned to the gravitational field
itself and he proposed that the Weyl curvature tensor can be used to specify it.
The behaviour of the Weyl tensor follows what is expected for the gravitational
entropy throughout the history of the universe: it is zero in the (homogeneous)
Friedmann-Robertson-Walker model and it is large in the (maximally inhomoge-
neous) Schwarzschild spacetime.
Rudjord, Gr∅n and Sigbj∅rn10 made a recent attempt to develop a description
of the gravitational entropy based on the construction of a scalar derived from the








This approach is based on matching their description of the entropy of a black
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Fig. 12. Gravitational entropy density as a function of radial coordinate.
calculated the entropy of Schwarzschild black holes and the Schwarzschild-de-Sitter
spacetime.




Ψ · dσ, (32)
where σ is the horizon of the black hole and the vector field Ψ is:
Ψ = Per. (33)
Rudjord et al. required Eq. (32) to be equal at the horizon to the Hawking-
Bekenstein entropy:
S = SHB. (34)
The latter equation allows to calculate the constant ks.
Finally, the entropy density can be determined by means of Gauss’s divergence
theorem, rewriting Eq. (32) as a volume integral:
s = ks | ∇ · Ψ |, (35)
where the absolute value brackets were added to avoid negative values of entropy.
We compute the gravitational entropy density following Rudjord et. al. proposal.
The plot of the entropy density is shown in Fig. 12. It can be seen that s = 0 at
r/R = 0.27, which is close to the transition point from the regular to the exotic
matter regions. The absolute maximum is at r/R = 0.37 and the two relative max-
ima are at r/R = 0.16 and at r/R = 0.65. For large values of r/R the gravitational
entropy density tends asymptotically to zero and in the core of the object it is also
zero. The latter result is in accordance to what it is expected for a good description
of the entropy of the gravitational field. We remark that the gravitational entropy
on the horizon is equal to the Bekenstein-Hawking entropy, and can be measured
by external observers (see the paper by Rudjord et al.10 for further discussion).
On the contrary, the thermodynamical quantities associated with the matter field
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5. Conclusions
We have studied the thermodynamical properties of a regular black hole interior
described by an equation of state that provides a smooth transition from regions
of normal matter to an exotic fluid with de Sitter-like behaviour. The exotic region
supports the object from total collapse leading to an equilibrium configuration for
the matter and fields. This allows a thermodynamical analysis of the black hole
interior. We have found that sound waves do not penetrate the inner exotic core,
where the temperature and the entropy go to zero.
We also studied the behaviour of the gravitational field in the system through
the Weyl and Kretschmann tensors. We adopted a well-defined estimator for the
gravitational entropy density based on the Weyl scalar and found the expected
behaviour for a de Sitter-Schwarzschild spacetime. This reinforces the confidence
on this classical estimator of what should be essentially a statistical property of a
quantified field.
The fact that the amplitude of sound waves has an exponential modulation as
they approach r/R = 0.4, where the specific heats are not defined, suggests that
exterior perturbations (like accretion of matter) can lead to the accumulation of
energy in the region of normal matter. This issue, which can modify the interior
through instabilities, is being analysed by a calculation of perturbations that we
will discuss in a forthcoming paper.
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